ABSTRACT. Various aspects of homotopy theory in the category of simplicial spaces are developed. Topics covered include continuous cohomology, continuous de Rham cohomology, the Kan extension condition, the homotopy relation, fib rations, the Serre spectral sequence, real homotopy type and its relation to graded commutative differential algebras over the reals.
1. INTRODUCTION In this paper we investigate various aspects of homotopy theory in the category of simplicial spaces, the topics covered being continuous cohomology, continuous de Rham cohomology, the Kan extension condition, the homotopy relation, fibrations, the Serre spectral sequence, real homotopy type and its relation to graded commutative differential algebras over the reals. The paper is organized around stating and proving results which, roughly speaking, establish an equivalence between the category of simplicial spaces localized at the reals and the homotopy category of differential graded commutative topological algebras over the reals. The choice of categories and the formulation of definitions in these categories has been guided by our aim of applying homotopy theory to the spaces Bl q arising in the study of foliations [8] and to secondary characteristic classes of foliations.
In the next section, we state our results and, at the end of the section, give various examples of simplicial spaces occurring in nature.
We are pleased to acknowledge several very helpful conversations with William Dwyer and Dan Kan during the early stages of this work. We are also indebted to Stephen Semmes for assistance with questions relating to linear topological vector spaces.
STATEMENT OF RESULTS
In this section we introduce our main definitions and notation and state our principal results.
For a category '?i', fl'?i' will denote the category of simplicial '?i' 's; Y denotes the category of sets and hence flY is the category of simplicial sets; !:T denotes the category of compactly generated, Hausdorff topological spaces ( [21] , we discuss topologies in §4). If A, B are objects in ~, (A, B) denotes the set of morphisms from A to B. For X, Y E aY, we make (X, Y) an object in !T by viewing it as a subspace of D (X q , Yq) where the product topology and the function space topology on (X q , Yq) are in the sense of products and function spaces in !T (see §4).
If X E aY and G is a topological abelian group, we define the continuous cohomology groups of X with coefficients in G by
Hq(X;G) = Hq(C*(X;G) ,6),
where C q (X; G) is the set of all continuous u: Xq -+ G satisfying uSj = 0, 0:::; i < q, and
q+' (6u)(x) = 2) -l)ju(ajx). j=O
Here a j and Sj are the face and degeneracy mappings of X. If G is a topological ring, we define cup products in C* (X; G) in the usual way; for u E 
CP(X;G), v E Cq(X;G), uv E Cp+q(X;G) is given by (uv)(x) = u(a:+,x)v(at x) for x E X p+q' This multiplication defines a multiplication in H* (X; G). In particular, if R denotes the real numbers, then H* (X) = H* (X; R) is a graded commutative algebra. (See §3.)
Note that H q (X) is a topological linear space (not necessarily Hausdorff) with topology coming from X q • If X is a simplicial space with the discrete topology (that is, a simplicial set), then H* (X) is the ordinary, real cohomology ring of X. [16, pp. vi, 9-10] for a discussion of some of these.) In particular, Mostow [16] considers continuous cohomology theories on a category whose objects are continuous mappings i: Y' -+ Y of topological spaces. His theories satisfy four axioms and, in some cases, are characterized by these axioms. The relation between Mostow's continuous cohomology and ours can be described as follows. Let X be a simplicial space and let XO denote X in the discrete topology. If T* is any continuous cohomology theory in the sense of Mostow and if each Xq is a paracompact, then
Remark. Many authors have defined notions of continuous cohomology in various contexts. (See Mostow

T* (11Xo II -+ IIXII) ~ H* (X) ,
where 1111 is the fat (or unnormalized) geometric realization functor (see [19] or [16, p. 68] ) and IIXoll -+ II XII is induced by the natural mapping XO -+ X.
(See Corollary 7.5 of [16] .)
Let d [q] be the simplicial standard q-simplex, that is, all tuples (io ' (Conditions (iii) and (iv) assert that Aq+I(X , ... ,x) is degenerate if the XI'
are such as to make this possible in which case the A'S commute with the degeneracy operators.)
where the group structure on [X, K( G, n)] is defined using the group structure on K(G,n).
The proof of this result is given in §3. The following result makes possible our analysis of real homotopy types.
Theorem 2.3. According as n is even or odd, H* (K (R , n) ; R) is a polynomial
or an exterior algebra on one generator in dimension n.
Our original proof of this result, outlined in [5] , made use of a version of the Van Est theorem for simplicial Lie groups. Our present proof, given in §9, uses a continuous cohomology analogue of the Serre spectral sequence of a twisted cartesian product of simplicial spaces and the Van Est theorem for n = 1 .
We next develop a de Rham approach to H* (X) . Let .sf denote the category of differential graded, topological algebras over R with unit which satisfy the following conditions: If A E.sf and A = E A P , then A P = 0, p < 0, each A P is a locally convex Hausdorff topological vector space over R, d: A P -+ A P + I , and multiplication A P x A q -+ A P + q is continuous. We denote by .sf~ the full subcategory of .sf consisting of those algebras which are commutative in the graded sense: ab = (-1 )pq ba , where a E A P , b E A q .
Following the techniques developed in [3] , a central object for our study is the algebra of differential forms on the standard simplex: There are several possible choices for these forms, all giving the same theorems, namely, differential forms with polynomial coefficients or with COO functions as coefficients. We emphasize COO functions. Let n; be the space of COO differential p forms on /1q with the COO topology. The face inclusions and degeneracy projections, e;: /1q-1 -+ /1q, d;: /1q+1 -+ /1q induce face and degeneracy maps 8;: n; -+ n;_1 and s;: n; -+ n;+I' Then, for fixed p, n P = {n; ,8; ,s;} is an !1!T and, for fixed q, nq = Ep n; is in .sf~ (with differential the exterior differential). Combining these two structures, we obtain n = {nq , 8; ,s;} in !1.s¥' ~. (Note that n; E.'T because it is metrizable [21] .)
Another useful gadget of this sort is the group of simplicial cochains on the standard q-simplex. For any topological abelian group, let C: (G) be defined
the group of normalized cochains on /1 [q] with values in G topologized in the usual way. Then, just as above, we obtain CP(G) E !1!T, Cq(G) E.sf (using cup product as multiplication), and C( G) E!1.s¥' .
If X E!1!T ,let (X, n p ) be the set of simplicial mappings, (X, QP) topologized as a subset of the cartesian product D(X q , n;), where (X q , n;) has the compact open topology. The linear structure on n P makes (X, QP) into a locally convex Hausdorff space. (We have not passed to compactly generated topologies on (Xq' n:) because this might destroy the local convexity.)
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let J4f(X) E J4f75 be defined by J4fp(X) = (X, OP), the space of continuous simplicial mappings from X to Op. Multiplication of forms defines J4f(X) = EJ4f P (X) as an object in J4f75.
An element W E J4fp(X) assigns to each q-simplex x E Xq a differential p-form on !!t. q and these forms fit together along faces, e; w(x) = W(oiX) , as well as respecting degeneracy. We think of J4f (X) E J4f75 as the algebra of differential forms on X.
In a completely analogous fashion we set
and obtain C(X; G) E J4f. It is easy to see that this definition of C(X; G) agrees with our earlier definition. (See Lemma 3.5.) In §5 we define a simplicial map '¥: 0 -+ C(R) and composition with '¥ gives a map
This map is the usual map which, for WE J4fp(X) and x E X p ' is given by
1M
We define the continuous de Rham cohomology of X by HdR (X) = Hq (J4f (X)) .
In §5 we prove
Theorem 2.4. The map '¥ induces a ring isomorphism '¥: H;R(X) -+ H*(X).
We next describe a simplicial space!!t.(A) for an algebra A E J4f75 which has the property that if A is free, nilpotent, and of finite type (see definition below), then Since the proof is short we include it here. Suppose X is R-nilpotent and of finite type. By Theorem 2.6 there is a minimal algebra M and a map g: M ----sf(X) such that g induces an isomorphism on H*. Let f: X ----.1(M) be the composite:
HJA) ~ H* (J4f (!!t.(A))).
By Theorem 2.4 it is sufficient to show that sf (I): sf (.1(M)) ----sf (X) induces an isomorphism on homology. Consider the commutative diagram
One easily checks that sf(Jx)i.9l(X) is the identity. By Proposition 2.8, iM induces an isomorphism in continuous cohomology as does g by construction.
Hence sf (J x.1(g)) = sf (I) induces an isomorphism in continuous cohomology. The last part of Theorem 2.11 follows from Theorem 2.6 and the fact that .1 preserves homotopy (see Theorem 2.19 below).
The relation between the homotopy types of X and .1(M) in !l!T and the relation between their associated simplicial sets (forgetting the topology) is at present unclear to the authors. For example, it is probably true that 1.1(M)1 is contractible. We next give very stringent hypotheses on X which will ensure that X and .1(M) are related as one would most optimistically expect. (See Theorem 2.13.)
Suppose X E!l!T is Kan, Xo E X is a base point and ll n (X ,x o ) denotes the usual homotopy groups of X as a simplicial set, with the topology coming from the topology on Xn; " n (X, x o ) is a quotient of
with the quotient topology. Let
Suppose 1l is a topological abelian group, X E!l!T, u E C n + 1 (X, 1l) , and 
be defined by
where &0 is the usual composition and
Taking C = R in (2.14) and taking the adjoint of &, we obtain a map In Lemma 4.4 we prove that ~ and yare continuous for all q when B q is finite dimensional. The proof of these results uses the fact that we are working with compactly generated spaces. One of our main results is that ~ and yare weak equivalences when A and Bare FNF and X is connected. 
(D.(B) ,D.(A)).
We remark that if we replace R by Q, smooth forms by rational polynomial forms, and simplicial spaces by simplicial sets throughout this paper, then our proofs establish a somewhat extended version of the Quillen-Sullivan Rational Homotopy Theory [17, 26] . (See Theorems 2.11 and 2.20.)
Let a: A.5jJ -+ a:T be the functor which assigns to each simplicial set X, the simplicial space X with the discrete topology. One may localize with respect to the rationals to form ~Q ' exactly as above and (J induces a functor a:~Q-+~R'
Our next result (proved in § 11) shows that this functor is neither injective nor surjective. 
Equivalently, K( G, 1) is the Bar Construction on G. If G is a Lie group, the Van Est theorem [24] expresses H* (K(G, 1)) in terms of cohomology of the Lie algebra of G. These results can be extended to the case where G is a simplicial Lie group [5] .
We note that the geometric realization of K( G, 1) is essentially Milnor's construction [15] 
w'(£l(C*(Lq)))
gives the characteristic map A similar construction can be used to obtain a map
Example 5. Let lq be the topological category with Obj(lq) = R q and morphisms all germs of local diffeomorphisms of R q in the sheaf topology. Then the nerve of lq' N(lq) , is a simplicial manifold with each N(lq)k a smooth manifold of dimension q which is neither Hausdorff nor paracompact. The geometric realization of Nl q as a simplicial space is essentially a Haefliger classifying space Bl q for lq structures [9, §5] . In fact, Haetliger [8] and Thurston [22] have proved that Bl q also "classifies" foliations of codimension q.
The continuous cohomology of Nl q is unknown to the authors. Haetliger [11] has given a somewhat complicated definition of smooth cohomology in this case.
SOME PROPERTIES OF CONTINUOUS COHOMOLOGY
In this section, we derive some of the elementary properties of the continuous cohomology functor and show it to be representable. We also prove that any simplicial topological group is Kan.
By a mapping f: X -> Y between simplicial spaces, we will always mean a continuous simplicial mapping, that is a sequence f q : Xq -> Y q , q = 0, 1 .... , of continuous mappings which commute with face and degeneracy operators.
Clearly such a mapping defines a sequence of homomorphisms f q :
H q (X; G) making H q ( ; G) a contravariant functor from the category of simplicial spaces to the category of topological groups. Let X and Y be simplicial spaces and f, g: X -> Y mappings. As indicated earlier, a homotopy from f to g is a mapping F:
is the product of simplicial spaces, £l[I] having the discrete topology. As usual, we say f is homotopic to g if there is a homotopy from f to g and we write fc::::.g.
In general, the relation f c::::. g is not an equivalence relation. For simplicial sets, it is sufficient for Y to satisfy the Kan condition. In our context, we need to require that Y satisfy our continuous version of the Kan condition (Definition 2.1). 
where 0"1 = (0,1) is the nondegenerate one simplex in M1]1 . Define
In the previous section, we defined a multiplication in C* (X; G) for G a topological ring by
where u E c P (X; G) ,v E C q (X; G), and x E Xp+q. An easy computation proves that
so that a multiplication is defined in H* (X ; G). Our next result gives the basic properties of this multiplication. 
Let G be a topological abelian group and let In E Hn(K(G, n); G) be the class represented by the cocycle 
1* In defines a natural isomorphism Irom
Here [X, Y] denotes the set of homotopy classes of mappings from X to Y. Note that homotopy is an equivalence relation in this case since K( G , n) is a simplicial topological group (see Proposition 3.8 below).
Prool. Recall that in §2 we defined a simplicial abelian group en (G) by en (G) q = en (Ll[q] ; G). For any simplicial space X, let 11-+ j be the homomorphism
is an easy consequence of the following two lemmas. Lemma 
The mapping I 1-+ j is an isomorphism and the diagram (X, en(G)) ~ (X, en+I(G))
is commutative (where J * is induced by J: en (G) --t e n + I (G)) .
Proof. Note that, for I E (X, en(G))
,
In fact, given u:
then 1= {Iq} is a simplicial mapping with j = u. It follows that 11-+ j is bijective. The proof that diagram (3.6) is commutative is straightforward. Lemma 
Let I and g be elements 01 (X , en ( G)). Then I :,; g il and only if j-g=Jh lor some hEen-I(X;G).
Proof. We can assume that
is a homotopy between I and the zero mapping, define hi: X q --t en ( G) q+ I as in the proof of Proposition 3.2. Let h E en-I (X; G) be defined by
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and H(x, s; 1) = O. It now follows from Lemma 3.5 that there is a unique simplicial mapping F:
It follows (again using Lemma 3.5) that F is a homotopy between f and the zero mapping and Lemma 3.7 is proved. This completes the proof of Proposition 3.4.
We conclude this section with a proof of the fact that a simplicial topological group satisfies the Kan condition. 
(iii) if neither k nor k + 1 is in I and 
It is proved in [21] that in the category !T , the evaluation map 
has components with adjoint factors as follows:
A P x (A P ,n:) 
where 
The first of these mappings is clearly continuous and the second is easily seen to be a homeomorphism if B q is finite dimensional. 
is continuous. 
is continuous.
To prove the second assertion, we must verify that
is continuous when B = s{ (X) and C = R. Under this map, the image of [14] . The proof given in [14] can be modified in a straightforward way to prove (4.8) using the fact that any Frechet space has a neighborhood system U I ::,) U 2 ::,) ..• of 0 with each U i convex and with
PROOF OF THE DE RHAM THEOREM
The proofs of most of the lemmas in this section are trivial and omitted or given very briefly. We begin with some preliminaries about the simplicial differential graded algebra Q. (Compare Dupont [25] to be the usual "integration along fibres" mapping,
A straightforward computation proves the following. ,G.,
The proof is trivial.
An easy induction proves the following. 
The proof is straightforward. Define mappings "' : n: To prove that ",rp = id, we first note that in terms of coordinates, b j : ~q x I --+ ~q is given by
where 0jk = 1 if j = k and zero otherwise. Hence
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Using Lemma 5.3 and the above argument one can show that dv+vd = rp'lf-id.
For X E t::.!T , composition with 'If, rp ,and y gives mappings
'If: S;((X) -C(X, R), rp: C(X;R) -S;((X) , y: S;((X) -S;((X)
satisfying the identities of Lemma 5.5. Thus we have u(io' ... ,ir)v(ir' ... ,i r +,) 
P.: H.(C(X;R) -+ H.(C)
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Corollary 5.9. The mapping f/I: sf' (X) -+ C(X; R) induces an algebra isomorphism
FIBRE SPACES
We now introduce the notion of fibration in ~ and develop some of its properties. We also define twisted cartesian products and prove some results about twisted cartesian products with fibres K(R, n) (and its differential form analogue) which will be useful in what follows. 
Remark. We next introduce a particular class of fibre spaces, the twisted cartesian products (TCP).
. If p: E -+ B is a fibration in t:.!T, and X E ~ , then !T (X, E) -+ !T (X ,B) is a fibration in t:.!T.
Corollary 6.3. If X ,Y E t:.!T and Y is Kan, then !T(X, Y) is Kan.
Let Band F be simplicial spaces and G a simplicial group acting continuously on the left of F . A twisting function r is a sequence Proof. Let E=BxrF and (b,z. , ... ,z)EE(q,/) . If z=(bl·,y l ·) for
Yo,
be the mapping which exists since F is Kan and define
This A is easily seen to satisfy conditions (i)-(iv) of Definition 6.1.
The following two lemmas define basic fibrations which are analogues of the path space fibration over Eilenberg-Mac Lane spaces in the category !T .
For f E M let Cn(f) , Zn(f) and Bn(f) E Il:T be defined by
Bn(f)q = {dvlv E r;-I}.
is a twisted cartesian product with group and fibre Z n (Q ® A) .
Proof. For q 2:: 0, consider the exact sequence given by K (a , P) = flo (a) + P is an isomorphism with dK = Tl where Tl: Z n+ 1 X Zn -+ Zn+l is projection onto the first factor.
The same argument can be applied to C(R) using the mapping ' We then have 
£5: Cn+1(R) -+ Zn+l(C(R)) is a twisted cartesian product with group and fibre Zn(C(R)).
Lemma6.10. For any n and
where p(y) = a and dy = dx = 0 in R [y] 
Y(i ,B): Y(A[x] , B) -> Y(A ,B)
is the TCP with fibre Z n (Q 0 B) induced from (6.11) by the mapping (Q 0 B) . 83 Proof. The statement of this lemma is clearly true in the category of simplicial sets. We need only show that the mapping
Y(p ,B): Y(A ,B) -> Y(R[y] ,B) = Zn+t
as algebras, this follows from Lemma 4.3.
Corollary 6.13. If A is FNF, then Y(A ,B) -> Y(R ,B) = point is a fibration for any B. Thus Y(A,B) and d(A) =Y(A,R) are Kan.
PROOF OF THEOREM 2.20
The proof of each of the statements in Theorem 2.20 follows the same course. We carry out in detail the proof that
is a weak equivalence, where A, BE!#C(? are FNF, dealing with the remaining two statements only when differences in the proofs require us to do so.
The idea of the proof is to show, by a sequence of reductions, that the theorem is true for general A if it is true for A = R[y] .
Remark. Each of the three statements of Theorem 2.20 involve proving that a continuous simplicial mapping induces isomorphisms on homotopy groups. Since the homotopy groups i'rq(X) of a simplicial space X are defined to be the homotopy groups of the underlying simplicial set Xc5 (with topology on i'rq(X) induced from the topology on X), we can ignore the topology on the simplicial spaces that occur and work in the category of simplicial sets. We will do so for the remainder of the section without further mention.
Suppose now that A and Bare FNF and consider the diagram 
. 'T(!J.B,!J.A) -----+ ... -----+ Y(!J.B,!J.A n ) -----+ Y(!J.B,!J.A n _ l ) -----+
where A,B),a) j.
-. Ii!!! 7r; (7(An , B) ,an) -.0
., 0-. li!!!17r;+1 ( {a } E lim 1ro (sr (A ,B) ). We use this sequence of base points as our distin- is injective. The proof of surjectivity is similar and is left to the reader.
We now proceed with the proof that is a weak equivalence. We know by Lemma 6.12 that the fibration (7.3) is induced from the fibration (7.4) sr
(R[x, y], B) --+ sr(R[y] , B)
by the mapping We can now apply Proposition 6.6 to the fibrations (7.3) and (7.6) obtaining the diagram of exact sequences
Here X is the image of the mapping (7. Using Lemma 7.2, the 5-Lemma, and induction on n, we have the following. 
where dx = y in R [x, y] . Since the total space of each of the above fibrations is contractible (by Lemma 6.10), the homotopy exact sequences of these fibrations reduce to
An easy induction using Lemma 7.9 gives the required result.
It now follows that the first assertion of Theorem 2.20 will be proved once we prove Lemma 7.9. Indeed, the arguments that we have developed in this section up to this point can be modified by making the obvious substitutions so as to deal with the second and third assertions of Theorem 2.20. As a result, Theorem 2.20 will be proved once we prove Lemma 7.9 and the following lemma. are isomorphisms for all j > 0 .
The proofs of Lemmas 7.9 and 7.11 involve the same ideas so we present them together. We begin by defining an isomorphism c;: 7ro(Y (R[y] ,B) 
Hence ¢ induces an epimorphism
¢: 7ro(Y(R[y],B)) ----> Hn(B).
To show that ¢ is a monomorphism, suppose z = dv for some 
If f*: H* (B) ----> HJ C) is an isomorphism, then f*: 7ro(Y(A, B)) ----> 7ro(Y(A, C))
is an isomorphism and the second of the four assertions of Lemma 7.11 IS proved.
We next define an isomorphism for any simplicial space X. By definition,
Let be given by
~/{Z} = z+Bn(JQ'(X)).
We show that ~' is well defined and an isomorphism.
Recall that in §5, we defined np(~q x l) to be the P forms on ~q x I and we defined by J..l(w) = (-l)P-1 10
where w = WI (t) + w 2 (t) dt . Note that we may view the elements of
as continuous, piecewise smooth p-forms on ~q x I and the formula for J..l makes sense on such forms and gives a map
To see that ~' is well defined, suppose Zo and z I are elements of Zn(JQ' (X)) and zi=oiv,where v E Zn(JQ'(X Xd[l])). Let VEJQ'n-I(X) be given by
Clearly ~' is an epimorphism; we show it is a monomorphism. Suppose
) be given as follows: If PI and P2 are the projectives of X x ~[l] onto the factors, then
It is easily checked that dw = 0, °0 w = 0, and °1 W = z. Thus ~' is an isomorphism.
It follows directly from the definitions that the diagrams 
THE SERRE SPECTRAL SEQUENCE FOR CONTINUOUS COHOMOLOGY
Let B x T F be a twisted cartesian product with group G. If r = r q:
for b E B q , one easily checks that it is a twisting function if Go = 1r o (G). Define by (. Ie(g, u) )(y) = u«s6g)y).
This mapping induces a continuous mapping .Ie: Go x Hq(F) ---+ Hq(F).
We define the twisted continuous cohomology groups of B with coefficients in H q (F), H P (B; H q (F)r)' to be the homology of the cochain complex
CP(B;Hq(F)) = continuous functions from Bp to Hq(F) vanishing on degeneracies with
given by p+1
Recall that for X E!l!T the n-skeleton of X is the smallest subsimplicial space X(n) of X containing X n . Let E = B xr F and ~E = 7C-1 (B(P) ). Following the notation of [12] , we define the Serre spectral sequence of E = B Xr F by
where
Elementary quotient ring manipulations yield the following (see [12] for proofs). We next turn to the calculation of E 2 , which requires some hypotheses on F. The main difficulty is in proving that the cohomology H* (B x F) of the product is isomorphic to H*(B;H*(F)). We define C*(F) to be splittable if the usual arguments yield this result, namely: We develop some of the properties of this notion at the end of this section.
Theorem 8.3. If F is splittable and Go = 7C O (G) , then the usual map yields a ring isomorphism
Proof. The proof of this result is accomplished by a series of lemmas. Let E; ,q -pq -and Er' be the spectral sequences associated to E = B xr F and E = E xrF respectively. Note that A P ,q = A P ,q. We first prove that E; ,q = E~ ,q for r ~ 2.
Lemma 8.4. The map V is continuous and satisfies V(A P ) C A P + I and
where c5 r : Cn(E) ----> Cn+I(E) and c5 r : 
Now suppose bE B(P+')
. We show that
It is straightforward to verify that for i > 0
Vj(a,b ,a,Y) = (sjaOaOb, (Sba(+'r(aob))(sba(-'aor(b))soaoaoY) ' v/aob, r(b)aoY) = (sjaOaOb, (sba;-'r(aob))(sjaor(b))(sjaOaoY)).
Substituting these in (8.5) Proof. We begin with a digression. Let X = {Xp .q} be a bisimplicial space with face and degeneracy mappings
The diagonal of X is the simplicial space X, where Xp = Xp p' a = a' a" =
and denote by Ct(X) the associated total complex. Define T:
. There is a mapping T': C(X) -t Ct(X) and cochain homotopies rp: C(X) -t C(X), 1fI: Ct(X) -t Ct(X) with
The proof of the first part of the lemma follows the same lines as the proof of Theorem 2.9 of Dold and Puppe [7] . To prove that T preserves products, we need a variant of the cup-i products.
For
)p+q+s-j-I (a")p+q+r-I. J The fact that T* is multiplicative now follows from Lemma 8.9. If U u t v is defined as above, then
The proof of this equation proceeds by first proving it in the special case where X P.q = Y P x Z q' Y and Z simplicial sets. This case can be seen to follow from the commutativity of ordinary cup products as in Steenrod [20] . The general case now follows from the fact that given x EX, there is a Our next result proves Theorem 2.3.
Lemma 9.2. Thealgebra e*(K(R,n),R) issplittableand H*(K(R,n)) ::::::R[x]
where degree x = n .
Proof. We prove this result by induction on n. The usual Serre spectral sequence argument applied to the TCP
(see Lemma 6.9) yields the desired result if we can show that the Serre spectral sequence is applicable. In going from n to n + 1 , we need to know that e*(K(R, n)) is splittable. Assume Lemma 8.2 is true for n -1 and hence, by the Serre spectral sequence, H*(K(R, n)) is isomorphic to R [x] . We show
Hence for any q for which these groups are nonzero, there is a chain c q E e.(K(Z ,n)) such that evaluation on c q gives a continuous isomorphism
Then B q is closed because it is the kernel of the continuous map of Zn(K(R, n)) to R given by evaluation on c q '
For each q ~ 0, K(R, n)q is a Euclidean space and it follows from (4.7) that (K(R , n) q ,R) is a Frechet space. Thus, using (4.5) and (4.6), e q (K(R , n) , R) , Zq(K(R,n),R),Bq(K(R,n),R) and Hq(K(R,n)) are Frechet spaces. The fact that e* (K(R , n) ,R) is a splittable algebra now follows from (4.8).
We now prove Lemma 2. is also an isomorphism.
Proof. According to Theorem 5.6, it is sufficient to show that the composite
induces an isomorphism on homology. By Lemmas 6.12 and 8.3, we may apply the Serre spectral sequence to the fibration
Define a filtration on A [y] by
We must show that j is filtration preserving. Hence,
It now follows that j induces a mapping of spectral sequences and
Since the spectral sequences are multiplicative, it suffices to prove that j induces an isomorphism on Eg· q and Ef·O. However, this follows from Lemma 9.3 and the hypothesis on A.
PROOF OF THEOREM 2.13
We begin by proving Theorem 2.13 for X = K(n ,n). Since n is abelian (by definition) and locally euclidean (by assumption), it is the product of groups isomorphic to Z, Zp = Zj pZ ,Sl , or R.
Proof. The case n = R is dealt with in Theorem 2.3 and the cases n = Z, Z p are well known. Suppose n = Sl and n = 1. Then, just as in the proof of Lemma 9.1, we see that H*(K(SI ,1)) is the classical continuous cohomology of the Lie group Sl, which is trivial since Sl is compact (by the Van Est theorem [24] ).
The fact that H*(K(SI ,n)) is trivial for n > 1 now follows by induction in the usual way using the continuous cohomology version of the Serre spectral sequence ( §8) of the TCP This proves Theorem 2.13 for X = K (n , n). We next prove the result for X = Xn = E(u n ) by induction on n.
Suppose M n _ 1 is minimal and f: X n _ 1 -+ LlM n _ 1 is a weak equivalence with We can factor Xn ---> X n -l into a sequence of TCP with fibre K(1C. n), where 1C is one of the groups mentioned above. Thus, it is sufficient to consider the case in which 1C n is one of these groups. If 1C n is isomorphic to either Z p or Sl , then H*(Xn)::::: H*(Xn_l) and we take Mn = M n _ l .
If 1C n is isomorphic to Z or R, we let p: 1C n ---> R be the homomorphism taking 1 onto 1. Let W E Hn+l(il (M n _ 1 ) ) be the image of un under the composite for n large enough.
PROOF OF THEOREM 2.23
We begin with the construction of simplicial sets Xl and X 2 satisfying the conditions of the theorem.
Let 1 E H q (K (Z . q) ; Z) be the generator and let X m be the fibration over
2) induced from the contractible fibration by 3a + 5b = c .
The fact that this is not possible is proved by working mod 3 and using the notion of "infinite descent"; the existence of solutions a, b ,c for (11.2) imply
It follows that H* (Xl; Q) and H* (X2 ; Q) are not isomorphic. However, the matrices (11.1) are equivalent over R (since they have the same signatures).
Hence M I , 15 and M3 ,5 are isomorphic and then Xl and X 2 are equivalent in ~R' We now prove the second assertion of Theorem 2.23. We are indebted to Tsuneo Tamagawa for his help with this proof.
Let A be the free DG algebra over R generated by Xl"" 'X n E A 2 , YI"" 'Ym E A3 and with We say that A has a rational form if there is a DG algebra A' over Q and an isomorphism A:::::: A' ®Q R of DG algebras. Equivalently, A has a rational form if we can choose bases Xl' ... ,x n for A 2 , Y I ,
Suppose A has a rational form. Let P = (Pi) be an invertible n x n matrix, and P q,/ in dimension zero coincides with P q,/ as previously defined. Furthermore, conditions (iii) and (iv) in the definition of fibration translate into a functional form as follows: If Let l(i. a) be the integer l, where i, is the last occurrence of i in a. The following is trivial to check. 
I(a. J). then s/(o,a. J) = I(a ,J).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use This completes the proof of Proposition 12.1.
